Abstract: A novel super-twisting adaptive sliding mode control law is derived using Lyapunov function technique. The both drift uncertain term and multiplicative perturbation are assumed to be bounded with unknown boundaries. The proposed approach consists in using dynamically adapted control gains that ensure the establishment, in a finite time, of a real second order sliding mode. The efficacy of the proposed super-twisting control algorithm is evaluated through its application to position control of an electropneumatic actuator.
INTRODUCTION
Sliding mode control is one of the best choices for controlling perturbed systems with matched disturbances/uncertainties (Edwards et al. [1998] ), (Utkin et al. [1999] ). The price for achieving the robustness/insensitivity to these disturbances is control chattering (Edwards et al. [1998] ), (Utkin et al. [1999] ), (Boiko [2008] ). The traditional ways for avoiding chattering are as follows:
(a) Replacing the discontinuous control function by "saturation" or "sigmoid ones" (Slotine et al. [1991] ), (Burton et al. [1986] ). This approach yields continuous control and chattering elimination. However, it constrains the sliding systems trajectories not to the sliding surface but to its vicinity loosing the robustness to the disturbances. (b) Using the higher order sliding mode control techniques (Levant [2003] ), (Levant [2005] ), (Shtessel et al. [2007] ). This approach allows driving to zero the sliding variable and its consecutive derivatives in the presence of the disturbances/ uncertainties increasing the accuracy of the sliding variable stabilization.
One of the most powerful second order continuous sliding mode control algorithms is the super-twisting control law (STW) that handles a relative degree equal to one. It generates the continuous control function that drives the sliding variable and its derivative to zero in finite time in the presence of the smooth matched disturbances with bounded gradient, when this boundary is known. Since STW algorithm contains a discontinuous function under the integral, chattering is not eliminated but attenuated.
The main drawback of STW control algorithm is the requirements to know the boundaries of the disturbance gradient. In many practical cases this boundary cannot be easily estimated. The overestimating of the disturbance boundary yields to larger than necessary control gains, while designing the STW control law. The adaptive-gain STW (ASTW) control law, which handles the perturbed plant dynamics with the additive disturbance/uncertainty of certain class with the unknown boundary, was proposed in (Levant [1993] ). However the proposed ASTW control still allows overestimating the control gains.
Contribution. In this work we propose the novel adaptive STW algorithm without overestimating the control gains for a large class of nonlinear systems of relative degree 1 with bounded additive and multiplicative uncertainties/perturbations whose bounds are unknown. The finite convergence time is estimated. The proof is based on recently proposed Lyapunov function (Moreno et al. [2008] ), Polyakov et al. [2009] ) that is used for the derivation of the novel ASTW control algorithm. The efficacy of the proposed adaptive super-twisting control algorithm is evaluated through its application to position control of an electropneumatic actuator. Note that, in (Ferrara [2008] ), an adaptive second-order sliding mode controller has been also proposed ; however, this algorithm is using the sliding variable and its time derivative.
PROBLEM FORMULATION
Consider a single-input uncertain nonlinear systeṁ
with x ∈ IR n the state vector, u ∈ IR the control input, f (x, t) ∈ IR n is a differentiable, partially known vectorfield. Assume that (A1) A sliding variable σ = σ(x, t) ∈ IR is designed so that the systems (1) desirable compensated dynamics are achieved in the sliding mode σ = σ(x, t) = 0. (A2) The systems (1) input-output (u → σ) dynamics are of a relative degree one, and the internal dynamics are stable.
Therefore, the input-output dynamics can be presented
Also, it is assumed that (A3) The function b(x, t) ∈ IR is assumed to be uncertain and be presented as
where b 0 (x, t) > 0 is a known function and Δb(x, t) is a bounded perturbation so that
with the bounded terms
where ∞ > δ 1 , δ 2 > 0 exist but are not known.
Finally, one getṡ
where ω = b 0 (x, t)u and
The problem is to drive the sliding variable σ and its derivativeσ to zero in finite time in the presence of the bounded additive (5) and multiplicative (3) perturbations with the unknown boundaries δ 1 , δ 2 ,γ > 0 by means of continuous control without the control gain overestimation. The classical SMC and the second order sliding (2-sliding) mode controllers, including the continuous STW control algorithm, can robustly handle such problem if the boundaries of the perturbations are known. The main disadvantage of the classical SMC is in introducing control chattering, while SOSM controllers are able to attenuate it. In this work we are looking for an adaptive-gain STW (ASTW) algorithm that is able to address this problem via generating continuous control function (chattering attenuation) so that its gains are adapted to the unknown additive and multiplicative perturbations with the unknown boundaries and without the control gain overestimation.
CONTROL STRUCTURE
The following STW control is considered (Levant [1993] )
where the adaptive gains
are to be defined. The solution of system (9) is understood in the sense of Filippov (Filippov [1988] ). Assuming the uncertain function g(x, t) to be an uncertain piece-wise constant, control system (6),(8) can be rewritten aṡ
Next, for brevity, the notations g and ϕ 2 will be used for the terms g(x, t) and ϕ 2 (x, t). Let's assume that the termġv is bounded with unknown boundary δ 3 > 0, i.e.
It is demonstrated below that the adaptive gain β = β(σ,σ, t) is bounded with uncertain boundary β * > 0, i.e. |β| ≤ β * . Then equation (11) becomes
The derivative of the uncertain, bounded by equation (7) multiplicative function must be bounded correspondingly
In particular, the bounded uncertain function g(x, t) can be an uncertain piece-wise constant that satisfy equation (7). Finally, the boundary of the uncertain functioṅ ψ(x, t) =φ 2 (x, t) +ġ(x, t)v exists, but is unknown. This is
The control design problem is reduced to designing ASTW control (8)-(9) that drives σ,σ → 0 given by (10) in finite time in the presence of the bounded additive (5), (14) and multiplicative (3) perturbations with the unknown boundaries δ 1 , δ 4 ,γ > 0. The idea of designing ASTW is to dynamically increase the control gains α(t) and β(t) until the 2-sliding mode establishes. Then the gains shall start reducing. This gain reduction shall be reversed as soon as the sliding variable or its derivate start deviating from the equilibrium point σ =σ = 0 in 2-sliding mode. Therefore, a rule (a detector) that detects the beginning of a destruction of the sliding mode shall be constructed and incorporated in the ASTW control law that allows not-overestimating the control gains α(t) and β(t). This "detector" is proposed to design by introducing a domain |σ| ≤ μ that is used as follows: as soon as this domain is reached the gains α(t) and β(t) start dynamically reducing until the system trajectories leave the domain. Then the gains start dynamically increasing in order to force the trajectories back to the domain in finite time.
MAIN RESULTS
The main result is formulated in the following theorem. Theorem 1. Consider system (10). Suppose that the perturbations ϕ(x, t) and g(x, t) satisfy Assumptions A3 and A4 for some unknown gains δ 1 , δ 4 ,γ > 0. Then for any initial conditions x(0), σ(0) there exists a finite time 0 < t F ≤ t r (as soon as the condition 
holds, if |σ(0)| > μ) so that a real 2-sliding mode, i.e. |σ| ≤ η 1 and |σ| ≤ η 2 , is established ∀t ≥ t F via ASTW control (8) with the adaptive gainṡ
where , λ, γ 1 , ω 1 , μ are arbitrary positive constants, and
Proof. The proof is split into two steps. In the first step, we will present system (10) in a form convenient for the Lyapunov analysis. In order to do this a new state vector is introduced
and system (10) can be rewritten aṡ
Equation (17) can be rewritten in a vector-matrix format
Due to Assumption A4 and (14) we can write
where ρ 1 (x, y), ρ 2 (x, t) are some bounded functions so that
It can be observed that, if z 1 , z 2 → 0 in finite time then σ,σ → 0 in finite time; furthermore, |z 1 | = |σ| 1/2 and sign(z 1 ) = sign(σ). In the second step of the proof, the stability analysis of system (18) is performed. The following Lyapunov function candidate is introduced
where
and α * > 0, β * > 0 are some constants. It is worth noting that the matrix P is positive definite if λ > 0 and are any real number. The derivative of the Lyapunov function candidate (21) is presenteḋ
The first term of (23) is computed taking into account (20) and (18) V
The symmetric matrixQ is computed taking into account (5) and (19)
In order to guarantee the positive definiteness of the matrixQ, we enforce β = 2 α. The matrixQ will be positive definite with a minimal eigenvalue λ min (Q) ≥ 2 if
In view of (24) and assuming that equation (26) holds, it is easy to show thatV
Indeed, sincė
and
where ||z|| 2 = z 
Now, in view of equation (27), equation (23) can be rewritten
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V (z, α, β)
Taking into account a well-known inequality
and in view of equation (21), we can derive
with η 0 = min(r, ω 1 , ω 2 ). Taking into account equation (34), we can rewrite equation (33) aṡ
Now, we assume that the adaptation law (15) makes the adaptive gains α(t) and β(t) bounded (this assumption will be proven later). Then there exist positive constants α * , β * such that α(t) − α * < 0 and β(t) − β * < 0, ∀t ≥ 0. In view of the above assumption, equation (35) can be reduced to the followinġ
It giveṡ
C1. Suppose that |σ| > μ. Then, in view of (15)
After selecting = ω2 2ω1 γ2 γ1 , one getṡ
In view of equation (41) the term ξ in (40) becomes ξ = 0 anḋ
It is worth noting that for the finite time convergence α(t) must satisfy inequality (26). It means that α(t) shall increase in accordance with (39) until (26) is met that guarantees the positive definiteness of the matrix Q and validity of (42). After that the finite time t F convergence to the domain |σ| ≤ μ is guaranteed according to (42). C2. Suppose that |σ| < μ then α(t) is reducing in accordance with (15) that takes a forṁ
and the term
becomes positive. In view of (44) the derivative of the Lyapunov function (37) becomes sign indefinite and |σ| may become larger than μ due to decrease of the control gains α(t) and β(t).
As soon as |σ| becomes greater than μ the condition that defines C1 case holds so that σ reaches the domain |σ| ≤ μ again in finite time, and so on. Therefore, during the adaptation process the sliding variable σ reaches the domain |σ| ≤ μ in finite time than may leave this domain for a finite time, and it is guaranteed that it always stays in a larger domain |σ| ≤ η 1 , η 1 > μ in a real sliding mode. Inside the domain |σ| ≤ μ, the value |σ| can be estimated in accordance with (10), (15)
where t 1 and t 2 are the time instants when σ(t) enters the domain |σ| ≤ μ and leaves this domain respectfully. When |σ(t) becomes μ < |σ| ≤ η 1 then
where t 2 and t 3 (t 3 > t 2 ) are the time instants when σ(t) leaves the domain |σ| ≤ μ and enters this domain afterwards respectfully. Combining the conditions (45) and (46) we obtain |σ| ≤ max(η 2 ,η 2 ) = η 2
Note that equations (45) and (46) prove only the existence of the real sliding mode domain
since it is practically impossible to calculate the values η 1 , η 2 .Theorem 1 is proven.
Now we can prove the assumption about boundedness of α(t) and β(t).
Proposition 1. Gains α(t) and β(t) are bounded.
Proof. In the domain μ < |σ| ≤ η 1 , a solution to (15) can be constructed as α = α(0) + ω 1 γ 1 2 t, 0 ≤ t ≤ t r where t r is finite reaching time. Therefore α(t) is bounded. The adaptive gain β(t) is also bounded, since β(t) = 2 α(t).
Inside the domain |σ| ≤ μ the control gains α(t) and β(t) are decreasing. Therefore, the gains α(t) and β(t) are bounded in the real 2-sliding mode. Proposition 1 is proven. Proposition 2. As soon as inequality (26) is fulfilled in finite time t 0 , the adaptive-gain STW control law (15) drives the sliding variable σ from the initial condition |σ(t 0 )| ≥ μ and its derivative to the domain W = {σ,σ : |σ| ≤ η 1 , |σ| ≤ η 2 , η 1 > μ} in finite time that is estimated as t F = 2V 1/2 (t 0 )/η 0 where η 0 = min(r, ω 1 , ω 2 ).
Proof. Inequality (26) is fulfilled in finite time, since its right hand side is bounded and the adaptive gain α(t) is increasing linearly with respect to time in accordance with (15). Assuming μ = 0 implies σ,σ → 0 in finite time t r that can be estimated by
, which is obtained by a direct integration of inequality (37) with ξ = 0. For μ > 0, σ,σ → W (σ,σ) in finite time t F ≤ t r . Proposition 2 is proven.
It is worth noting that if the "detector" for adaptive gain reduction, the term sign(|σ|−μ) in the gain adaptation law (15), is eliminated (by making μ = 0), then the adaptive gain law (15) shall be changed tȯ
In this case the ASTW control law will drive the systems (1) trajectory to the ideal 2-sliding mode, i.e. σ =σ = 0 in finite time. However, the adaptive control gains α(t) and β(t) can be overestimated. Corollary 1. Consider system (10). Suppose that the perturbations ϕ(x, t) and g(x, t) satisfy Assumptions A3 and A4 for some unknown constants δ 1 , δ 4 ,γ > 0. Then for any initial conditions x(0), σ(0) the second order sliding (2-sliding) mode, i.e. σ =σ = 0, will be established in finite time via STW control (8) with the adaptive gains (49).
CASE STUDY: ASTW SLIDING MODE CONTROL OF AN ELECTROPNEUMATIC ACTUATOR
The electropneumatic system under interest is a double acting actuator composed by two chambers, denoted P (as positive) and N (as negative). The air mass flow rates entering the two chambers are modulated by two threeway servodistributors controlled by a micro-controller with two electrical inputs of opposite signs. The pneumatic jack horizontally moves a load carriage of mass M , has a stroke of 500 mm and is very unsymmetrical since it has an internal diameter of 32 mm with a simple rod of 20 mm diameter. The position is assumed to be measured without the measurement noise, and the velocity is obtained as a numerical differentiation of a position signal. The pressures are also supposed to be measured.
Model
Following standard assumptions on the pneumatic part of the electropneumatic system (Brun et al. [1999] ), (Girin et al. [2009] ), (Laghrouche et al. [2004] ), (Laghrouche et al. [2006] ), (MacCloy [1968] ), (Shearer [1956] ), a nonlinear model for the whole system reads aṡ
with y the load carriage position, v its velocity and p P and p N the pressures of P and N chambers. The model of mass flow rate delivered by each servodistributor can be reduced to a static function described by two relationships q m (u, p P ) and q m (−u, p N ). The term F f represents all the dry friction forces which act on the moving part in presence of viscous friction (b v v) and an external force only due to atmospheric pressure (F ext ). In order to get an affine nonlinear state model, the mass flow rate static characteristic issued from measurements Sesmat et al. [1996] is written as a function of control input u and polynomial functions of p P and p N Belgharbi et al. [1999] q mP (u,
with functions χ P and ψ P (resp.χ N and ψ N ) 5 th order polynomial functions with espect to p P (resp. p N ). Let X denote the physical domain defined as X = {x ∈ IR 4 , 1 bar ≤ p P , p N ≤ 7 bar, | − 25 cm ≤ y ≤ 25 cm, |v| ≤ 1 ms −1 } and U = {u ∈ IR | |u| ≤ 10 V }. As Laghrouche et al. [2004] , two kinds of uncertainties are taken into account: uncertainties due to the identification of physical parameters, and variations of environment.
Control design and simulations
The aim of the control law is to get a good accuracy in term of position tracking for the desired trajectory displayed in Figure 1 in spite of the parametric uncertainties given above; furthermore, the dry frictions have not been taken into account in the controller design. Following the previous section, consider the sliding variable (52) with λ > 0. As system (50)-(51) admits a relative degree equal to 1 for σ with respect to u, one getsσ = χ(.) + b(.).u. From (Laghrouche et al. [2004] ), functions χ and b are bounded for x ∈ X. Furthermore, the function b fulfills assumption (A3) for x ∈ X. It yields that the control law reads as u = 1/Γ(.)(−Ψ(.) + ω) with control input ω defined by (8) and α and β being defined by (15). Parameters of the controller have been tuned as = 1, γ 1 = 2, ω 1 = 100, μ = 0.1. Figure 1 displays desired and current positions, and the position tracking error and shows the effectiveness of the controller given that the trajectory tracking is accurate in spite of additive and multiplicative uncertainties. Figure 2 displays the control input which is far from saturation. The time history of the gain α(t) is shown in Figure 3 . In fact, Figure 3 demonstrates the reduction of the gain during some time intervals whereas the tracking is accurate. 
